The spatial distribution of drops in multiphase Stokes flow is derived theoretically as a function of two dimensionless parameters, accounting for wall migration, buoyancy, and shear-induced diffusion. The wall migration effect, which drives drops away from the walls and toward the center of the gap, is often significant even when droplets are 100 times smaller than the gap. By comparison with the experimental drop concentration profile, the shear-induced down-gradient diffusivity is measured and found to be approximately four to five times larger than the prediction for drop self-diffusivity. These are the first such measurements of the diffusivity of drops with clean interfaces and contrast markedly with previous measurements on surfactant-laden drops. Nonuniform concentration along the vorticity axis is also investigated briefly.
I. INTRODUCTION
Immiscible fluid mixtures are encountered in many industrial processes, and the distribution and shape of the disperse phase in such fluids is of interest. In addition to bulk phenomena, wall effects may become significant when small distances separate the bounding walls, see, e.g., Ref. 1 . Greater understanding of multiphase flow in narrow passages may aid development of microfluidic applications, particularly those concerning liquid-liquid separation.
In bounded uniform shear flow, fluid droplets are known to migrate away from the walls and toward the center plane of the shear cell ͑see, e.g., Ref. 2͒. Small deformation theory [3] [4] [5] [6] [7] predicts the migration velocity u mig,single away from a single wall:
where y 1 is the distance from the wall to the center of the drop, a is the droplet radius, and ␥ is the shear rate. ␣ is a coefficient ͑equal to approximately 0.6, with slightly different values for each of the predictions cited͒ that is a very weak function of the ratio ϭ d / c between droplet and continuous phase viscosities ͓see Eq. ͑3͔͒. Ca is the capillary number equal to c ␥ a/, where is the interfacial tension.
Experimental measurements 2, 6, 8, 9 and simulations [10] [11] [12] of u mig,single are within several percent of the predictions of small deformation theory ͓Eq. ͑1͔͒ when Ͻ1, but poor agreement is observed when is large. Even when Ͻ1, significant deviations ͑nearly 40%͒ between simulation and small deformation theory are observed when y 1 /a is small, i.e., equal to 2.5. 11 Moreover, these simulations show that ␣ also depends weakly on Ca when y 1 /a is small, 10, 11 suggesting that the assumptions of small deformation theory do not hold when the drops are within a few radii from the wall. The prediction of Chan and Leal accounts for the effect of both walls simultaneously:
͑2͒
where yЈ is the dimensionless position from the center plane between bounding walls separated by a distance h. The second term in Eq. ͑2͒ is always the most significant and is equivalent to the simple sum of the effect of each wall individually. According to Chan and Leal, the coefficient ␣ is written
͑3͒
Drops also drift in response to buoyant force:
where d and c denote the density of the respective phases. The ratio
, which depends strongly on Ca, assesses the relative importance of buoyancy and wall migration. BoϭϪ( d Ϫ c )ga 2 / is the Bond number. When an immiscible mixture contains a sufficient fraction of the droplet phase, then drop interactions are also important. When two droplets on different streamlines collide, their contact is asymmetric and the drops depart on stream-lines that are more widely separated that the original ones on which they approached one another. 14 -17 Random collisions therefore lead to random motions perpendicular to the streamlines. 15, 17 At high rates of flow, droplet motions are dominated by the flow and not by Brownian motion ͑high Peclet numbers, Pe B ϭ4a 2 ␥ /D B , where the subscript B refers to Brownian diffusion of the drops, thereby distinguishing this Peclet number from the one to be introduced in Sec. II͒, so that the apparent diffusive motion is called shearinduced diffusion. The self-diffusivity for a monodisperse dilute distribution of droplets is equal to the product of the collision frequency ͑proportional to ␥ , where is the local volume fraction of droplets͒ and the average square displacement per collision ͑proportional to a 2 ):
where f i is a coefficient that depends weakly on Ca. The diffusivity is anisotropic, so that the coefficient f y for diffusion along the velocity gradient is 2 to more than 20 times greater than that along the vorticity axis f z . 15 f y and f z also depend on viscosity ratio : they are essentially constant for Ͻ0.5 and approach zero at large relative droplet viscosity.
The diffusion coefficient D describing flux in a concentration gradient is proportional to the self-diffusivity ͓cf. Eq. ͑5͔͒:
It turns out that f gi is greater than f i , 15, 18 because droplet collisions from the direction of high concentration are more frequent than those from the lower concentration side. As a consequence, f gy is at least twice f y . 15 For rough hard spheres, f gy ϭ6 f y . 18 For droplets, however, the precise relationship between the two diffusivities has not been established. Here we report the first experimental measurements of the drop diffusivity in emulsions without surfactant.
Shear-induced diffusion and wall migration work against one another, and a nonuniform distribution of droplets is expected at steady state. King and Leighton recently calculated this distribution, assuming a linearized form of the migration velocity. 9 In this report, we calculate the steady-state distribution of droplets for the unlinearized velocity ͓Eq. ͑2͔͒ and compare with experimental results. We also consider the effect of buoyancy. In the nonlinear problem, steady-state solutions are no longer self-similar. Moreover, temporal solutions may be qualitatively different, giving rise to a concentrated layer adjacent to a denuded one near the wall.
II. MODEL CALCULATIONS AND DISCUSSION
First, we assume that the drop size distribution is monodisperse, as is appropriate for steady state. 19 Following King and Leighton, 9 the local flux of dispersed phase along the velocity gradient direction ͑y axis͒ is 
where c Ј is an integration constant, equivalent to the normalized droplet concentration at the center plane. c Ј is determined by conservation of the total volume fraction, expressed as the following boundary condition:
Similar expressions can be derived for pressure driven flow. Whereas solutions of the linearized problem are self-similar, 9 nonlinear terms are significant when Pe is small, and the solutions are no longer self-similar ͑Fig. 1͒. c Ј and y eϮ Ј were determined numerically ͓Eq. ͑11͔͒ ͑see Under what circumstances is wall migration significant? Since wall migration is rapid near the wall ͓Eq. ͑2͔͒, migration is always significant there, producing a denuded zone, which may be narrow for very small Pe. At larger Pe, wall migration perturbs the drop concentration throughout the bulk. The significance of this bulk effect can be evaluated from the magnitude of either the midplane concentration c Ј or the root-mean-square deviation from the average concen-
. Based on these measures, wall migration has a substantial bulk effect even for small values of Pe, of order 1 or less. For example, the average deviation of the concentration is 27% when Peϭ0.1 ͓Fig. 1͑b͔͒. Considering an emulsion at steady state, for which CaϷ0.4, ␣Ϸ0.6, f gy Ϸ0.2, 0 Ϸ0.1, it is remarkable that significant bulk effects occur even when the drop radius is two orders of magnitude smaller than the gap spacing ͑i.e., when a/hϭ0.01, Pe Ϸ0.5).
When Pe is changed, the concentration profile evolves toward a new steady state. In the linear model, these temporal solutions are identical in form to the steady-state solutions. 9 For the nonlinear model, however, temporal solutions are distinct in form. In fact, when Pe is increased, a multimodal distribution may occur in which a peak in concentration forms adjacent to the denuded zone ͑Fig. 3͒. The time required to establish the new denuded zone at y e Ј is approximated by the following:
where u mig is evaluated at y eϮ Ј . /Pe is an alternative time constant for this problem, as noted by King and Leighton. 9 When Peϭ30, e ϭ0.005 , so that the transient profile shown in Fig. 3 is at approximately 0.2 e . As expected, at these short times, the width of the denuded zone is considerably less than the final steady state.
Transient behavior can also be induced by drop coalescence. If coalescence is slow compared to , however, quasisteady-state concentration profiles result. 
III. MATERIALS AND EXPERIMENTAL METHODS
Three fluids were used in this study: poly͑ethylene glycol͒ ͑PEG, the continuous phase; PolySciences 20 ͒, poly͑pro-pylene glycol͒ ͑PPG; Arco Chemical Co.͒ and poly͑ethylene-alt-propylene͒ ͑PEP, Polymer Synthesis Facility, U. Minnesota͒. Their number-average molecular masses are 10 000, 12 200 and 4300, respectively; the polydispersity of molecular mass for each is approximately M w /M n ϭ1.1, as determined by matrix-assisted laser-desorption-ionization mass spectroscopy and size-exclusion chromatography.
Experiments were conducted at 75 and 90Ϯ0.1°C. Viscosities were measured using Carrimed and ARES cone-andplate rheometers ͑Table I͒ and found to be Newtonian up to shear rates of at least 800 s
Ϫ1
. Since the viscosity of PPG and PEP are similar, the viscosity ratio is essentially constant and equal to 0.18. Densities were computed ͑Table I͒ based on tabulated reference data according to the following:
where ref is the density at T ref .
The interfacial tension between drop and continuous phases was determined from measurement of small deformation under steady shear 22, 23 and by the droplet retraction technique. 24 The interfacial tension of PPG/PEG is 0.0034 and 0.0030 N/m at 75 and 90°C, respectively. 25 The interfacial tension of PEP/PEG is 0.010 N/m at 90°C, cf. Refs. 26, 27.
Mixtures were examined by bright-field optical microscopy using a Linkam Scientific Instruments CSS-450 heated shearing cell that was mounted on a Zeiss microscope equipped with a 640ϫ480 pixel CCD camera. One of two 10ϫ long-working-distance objectives was used, and the image magnification ͑0.81 and 0.66 m/pixel, respectively͒ was determined using a calibrated Ronchi ruling. The shear cell has a parallel-plate geometry; 25 the gap spacing was calibrated by means of the microscope stage micrometer by focusing on the top and bottom plate surfaces. The translation of the micrometer is linear and accurate to within 0.8%, tested independently using a dial gauge micrometer. The experimental uncertainty of the gap spacing is approximately Ϯ4 m.
Mixtures were prepared by weighting the components, and stirring them with a spatula. After loading the mixture into the shear stage, the gap was set as desired. If another gap spacing was desired, the sample was stirred again and reloaded, before setting the gap, so that initial conditions would be consistent. The sample was sheared at a desired rate for times O(1000 s), or longer, in intervals of approximately 100 s. After such long shearing times, the drop-size distribution was relatively narrow, with a v /a n Ϸ1.2. (a v and a n denote volume and number averaged radii, respectively, and were computed according to procedures described earlier.
28
͒ Immediately after shearing, when the sample was at rest, a series of images were obtained at different planes of focus ͑Fig. 4͒. The distance between successive planes of focus is approximately equal to the translation of the microscope stage micrometer times the refractive index of PEG n PEG ϭ1.46. 29 Rest times were limited O(100 s), so that buoyant motion during rest could be neglected. ͓For example, PEP drops, aϭ10 m, in PEG at 90°C rise at a rate equal to 27 nm/s-Eq. ͑4͒.͔ The drop concentration, gap setting, and shear rate were selected to facilitate measurement of the drop concentration profile: viz., so that images of drops would not overlap significantly and so that a/hϽ10. Owing partly to these requirements, the range of Pe tested was limited. ͓Note that for all experiments, the Reynolds , hϭ200 m, and a v ϭ17 m. The focal plane is at ͑a͒ yϭ35 and ͑b͒ yϭ50 m. The variation in the appearance of the drops indicates their position relative to the plane of focus. Dark ͑under-focused͒ drops ͑e.g., labeled with a minus sign͒ are closer to the objective lens, and white ͑over-focused͒ drops ͑e.g., labeled with a plus sign͒ are further away. Drops near the plane of focus ͑labeled with an asterisk͒ exhibit weaker contrast, such that the interior of the drop has nearly the same intensity as the surroundings and only its rim appears dark. Note that a light ''halo'' surrounds under-focused drops, whereas overfocused drops are surrounded by a dark one.
number Reϭ c ␥h 2 / c is small (Ϸ10 Ϫ6 ), so that Stokes flow can be assumed.͔ For each series of images, the number of drops in focus in each image was recorded ͑e.g., see Fig. 4͒ . The number density was normalized to give unit integral across the gap, so that it could be fit directly with the normalized concentration ͓Eq. ͑10͔͒ by adjusting Pe. From Pe, the drop gradient diffusivity f gy was determined. Table II , and an example data set is shown in Fig. 5 . Wide denuded zones adjacent to each wall are evident ͑Fig. 5͒. These denuded zones are clearly not an excluded volume effect, because they each are much wider than the drop radius. The experimental concentration profile is fit to the theoretical profile ͓Eq. ͑10͔͒, by adjusting the value of Pe to minimize the sum of squared errors (͚⌬ 2 ). The uncertainty in Pe is estimated from the values of Pe that cause this error sum to double. From the value of Pe, we deduce the only unknown material parameter, i.e., f gy ͑Table II͒. Since an estimate of f y ͑Table II͒ is available by interpolation of published results, 15 we calculate the unknown parameter f gy / f y . The uncertainty in this ratio is essentially the same in proportion as the uncertainty in Pe. The ratio f gy / f y does not depend significantly on Ca ͑for Ca ranging from 0.02 to 0.4͒. Averaging the four experiments, f gy / f y ϭ4.6Ϯ0.8. This value is somewhat smaller than the value 6 that was calculated for rigid rough spheres. 18 Although no calculations are published, f gy / f y is expected to be roughly of this magnitude also for fluid drops. 9 These results differ from those previously reported by King and Leighton, 9 who found values of f gy equal to roughly 0.02, approximately an order of magnitude smaller than our current measurements. King and Leighton suggested three possible reasons to explain their unexpectedly small values. Of these, the most significant difference with the present experiments and likely the most significant effect is partial immobilization of the interface induced by the presence of surfactant. ͑Concerning the other two suggestions, coalescence is rare and size polydispersity is only a minor effect. 9 ͒ The diffusivity of drops with completely immobile interfaces is expected to be indeed very small. 30 Although the interfaces ͑in the experiments of King and Leighton͒ were, by design, far from being completely immobile, 9,31 the effectiveness of the surfactant in inhibiting coalescence is consistent with a partial reduction in the interfacial mobility. Such reduction can influence the coalescence process in one or two ways. First, as the mobility of the interface decreases, either by increasing drop viscosity or adding surfactant, the trajectory of colliding drops approaches that exhibited by solid particles. 32 Second, at large enough Ca, lower interface mobility also suppresses film drainage, and thereby further inhibits coalescence. In relation to shear-induced drop diffusion, the effect of surfactant on the drop trajectory is the central issue.
IV. RESULTS AND DISCUSSION

Experimental conditions and results are summarized in
In the present experiments, the interfaces are clean, without surfactant. Surfactant is not necessary to prevent coalescence, because both phases are somewhat more viscous than the fluids used by King and Leighton. Consequently, the coalescence rate is small. In addition, the experiments involving PPG drops are essentially at Ca crit , where the coalescence rate is negligible.
We now estimate the approximate degree of interface immobilization in the experiments of King and Leighton and the magnitude of its effect on the diffusivity. The gradient in the interfacial surfactant concentration caused by drop convection may be limited by any of three factors: 33, 34 diffusion ͑of surfactant͒ on the interface, diffusion in the bulk ͑to and from the interface͒, and local equilibration between the interface and the adjacent regions. Specifically, the concentration ; see Table II for gradient is associated with at least one of three parameters, depending the dominant ͑limiting͒ mechanism: Pe ͑the interfacial Peclet number͒, Pe b •H ͑the product of the bulk Peclet number and the dimensionless diffusion distance͒, ␥ /k ͑the ratio of the shear rate to the kinetic rate constant for desorption, i.e., the inverse of the Biot number͒, respectively. Of the three, only Pe b •H depends significantly on surfactant concentration. The interfacial gradient induces a Marangoni stress that retards the interface, which is proportional to the product of Ma ͑the Marangoni number͒ and the appropriate parameter associated with the concentration gradient. 32, 35 The Marangoni stress depends on surfactant volume fraction s in such a way that at very low concentration, it increases with s and then it decreases again at high concentrations, when surfactant exchange with the bulk is dominant. In the latter ''remobilization'' regime, 31 (10)͔ that a significant effect on the drop diffusivity is possible, 15 in spite of rapid exchange of surfactant with the bulk. Note that reducing the interface mobility by means of Marangoni effects will have a much greater effect on diffusivity than on wall migration, because of differences in local flow type: the former involves drop interaction ͑local interface extension͒, whereas the latter is associated with single drop behavior ͑interface recirculation͒.
While the focus of this report is migration along the velocity gradient direction ͑y͒, we close this section by reporting interesting observations of migration along the vorticity axis ͑z͒. Global migration along the vorticity axis is predicted to be negligible, 39 and indeed none is observed. However, bands of high and low drop concentration ͑Fig. 6͒ develop under some conditions, most readily when drop size and Ca are relatively large ͑see caption, Fig. 6͒ . Bands were observed in mixtures containing either PPG or PEP drops. Demonstrating the importance of large drop size, these stripes may be erased by shearing at high rates, so that the drops break to a much smaller size and eventually redistribute by shear-induced diffusion along z. Demonstrating the importance of large Ca, weak stripes ͑those that have just begun to form, so that the concentration of drops is only slightly nonuniform͒ can also be erased by shearing at slower rates, though the rate of erasure is much slower. Such erasure may be prevented, if the rate of coalescence is fast enough. ͑When coalescence is dominant, string and ''pearl-necklace'' morphologies have been observed. 1, 40 ͒ It was not possible to obtain uniform ͑along z͒ mixtures with sufficiently large PEP drops at high Ca ͑Table II͒. Consequently, analysis of (y) for this material was restricted to lower values of Ca. In all experiments analyzed according to Eq. ͑10͒, the concentration of drops along the vorticity axis was uniform.
A nonuniform organization of dispersed phase along the vorticity axis is also found in coating flows of suspensions of rigid particles. 41 The coating flow field was realized in a Couette device partially filled with the suspension. 41 When the device was completely filled, no such segregation of particles was observed. These and related phenomena have been discussed theoretically, e.g., Refs. 42 and 43, and additional theoretical work is needed.
V. IMPLICATIONS
This work demonstrates that wall migration in fluid suspensions may be significant, with important implications. First, this phenomenon has significant effects on coalescence behavior, because the concentration of disperse phase is higher in the center of the gap, thereby increasing the coalescence rate. 25 To approximate the magnitude of this effect, we recall that coalescence of moderately dilute suspensions involves collisions between pairs of droplets, and that the collision frequency per unit volume is proportional to 2 . Therefore, the effective concentration for coalescence is not 0 . Rather, to leading order it is 25 eff ϭ ͗ 2 ͘ 0 . ͑14͒
Wall migration and drop banding phenomena also contribute in other ways to morphology development. For example, when the average volume fraction is high enough, the midplane volume fraction becomes large enough that continuous thread formation is possible. 1, 40 Wall migration has a crucial practical influence on the surface appearance and surface properties of extruded and molded parts.
VI. CONCLUSIONS
The steady-state profile of the volume fraction of dispersed phase produced by the balance of wall migration and shear-induced diffusion is calculated for simple shear, without any linearization approximation for the drop migration velocity, valid for all values of Pe ͓Eq. ͑10͔͒, thereby extending an earlier analysis 9 that is valid in the limit of high Pe ͑Ͼ10͒. The effect of buoyancy is also described. This analysis was used to obtain the first experimental measurements of drop diffusivity in emulsions with clean interfaces. These results differ significantly from previous results from an emulsion containing surfactant, and the effect of surfactant on drop diffusivity is discussed. The experimental gradient diffusivity is approximately 4 to 5 times larger than published predictions of the self-diffusivity. Under conditions of sufficiently large Ca and drop size, migration in the vorticity direction was also observed.
